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Two-photon exchange in electron-trinucleon elastic scattering
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We discuss two-photon exchange (TPE) in elastic electron scattering off the trinucleon systems,
3He and 3H. The calculations are done in the semirelativistic approximation with the trinucleon wave
functions obtained with the Paris and CD-Bonn nucleon-nucleon potentials. An applicability area
of the model is wide enough and includes the main part of kinematical domain where experimental
data exist. All three TPE amplitudes (generalized form factors) for electron 3He elastic scattering
are calculated. We find that the TPE amplitudes are few times more significant in the scattring of
electrons off 3He then in the electron proton scattering.
PACS numbers: 21.45.+v,25.30.Bf,13.40.Gp,13.85.Dz
I. INTRODUCTION
Rich information about the structure of simplest
hadron systems, like the pion, proton, deuteron, tritium,
3He, etc., comes from measurements of electromagnetic
form factors of these systems. At low Q2 the form fac-
tors give information about size and form of the hadron
system, while at high Q2 they give information about its
quark structure.
The key ingredient of such experimental studies is
the extraction of the form factors from measured cross
sections and polarization observables of elastic electron
scattering off the hadron systems. Because the fine
structure constant α ≈ 1137 is small one may expect
that the Born approximation (the one-photon exchange)
should be good enough to link the form factors with the
cross sections and polarization observables. Nevertheless,
mainly due to the GEp/GMp polarization measurements
at Thomas Jefferson National Accelerator Facility (Jlab)
[1–3], it became clear that precise measurements of the
form factors require taking into account higher order per-
turbative effects, such as two-photon exchange (TPE).
At present the TPE effects were analyzed in detail in
the elastic ep scattering, theoretically [4–14] as well as
phenomenologically [15–20]. Besides the ep scattering
there are also detailed theoretical calculations of the TPE
effects in the electron scattering off pions [21–23] and
deuterons [24–26].
For more complicated systems (3H, 3He, 4He) there are
no systematic study of the TPE effects, with the excep-
tion of few very rough estimations [7, 27]. In Ref. [7] the
TPE corrections to the unpolarized electron-3He elastic
cross-section atQ2 from 1 to 6 GeV2 were calculated with
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the elastic intermediate state only. In Ref. [27] the TPE
contribution in the large angle electron-3He and electron-
4He scattering was estimated in the multipole scattering
model with simplest gaussian density in the nuclei. Lack
of full THE calculations is one of the reasons why full
THE effects are not taken into account in extraction pro-
cedure of the trinucleons’ form factors, only part of them,
the Coulomb distortion effect, is usually considered.
In the present paper we do the calculations of the
TPE amplitude in the electron-trinucleon elastic scat-
tering within the framework of semirelativistic approxi-
mation with the trinucleon wave function for the realis-
tic potentials. An applicability area of our model given
by Eq. (46) [see also discussion in Sec. IVB] includes
the main part of kinematical domain where experimental
data exist.
The paper is organized as follows. In Sec. II we discuss
kinematics and general structure of the amplitude for ul-
trarelativistic electron scattering off a spin 12 particle. A
parametrization of the trinucleon wave function, which is
used in the present calculations, is reviewed in Sec. III.
The analytic expressions for the TPE amplitudes are de-
rived in Sec. IV. Results of numerical calculations and
conclusions are given in Sec. V.
II. KINEMATICS AND GENERAL
STRUCTURE OF THE AMPLITUDE
We neglect the electron mass and put the trinucleon
mass M ≈ 3m, where m is the nucleon mass. The
electron and trinucleon momenta in the initial and final
states are denoted by k, k′ and P , P ′; the transferred mo-
mentum is q = k−k′ and Q2 = −q2. Actual calculations
2are done in the Breit frame (Fig. 1), where
P0 = P
′
0 = E =
√
M2 +Q2/4,
P⊥ = P ′⊥ = 0, P3 = −P ′3 = −Q/2,
q0 = q1 = q2 = 0, q3 = Q, (1)
k0 = k
′
0 = ε, k1 = k
′
1 = ε cos
θ
2 , k2 = k
′
2 = 0,
k3 = −k′3 = 12Q = ε sin θ2 .
For further calculations it is useful to introduce “plus”
and “minus” components of vectors according to A± =√
1
2 (A1 ± iA2).
The commonly used polarization parameter ǫ can be
expressed in terms of the electron scattering angle θ in
the Breit frame by
ǫ =
cos2 θ2
1 + sin2 θ2
(2)
(not to be confused with the components of the electron
energy ε).
Beyond the one-photon exchange the amplitude for the
electron scattering off a particle with spin 12 has the fol-
lowing structure [4]
Mhσ′σ = 4πα
Q2
jhµ 〈P′, σ′ |Hµ|P, σ〉
≡ 4πα
Q2
jhµHµσ′σ,
(3)
where Hµ is the operator of the “effective trinucleon cur-
rent”
Hµ =F1γµ −F2[γµ, γν] qν
4M
+ F3(k + k′)νγν (P + P
′)µ
M2
,
(4)
with |P, σ〉 and |P′, σ′〉 are trinucleon spinors, σ and σ′
are z projections of the trinucleon spin, h is electron he-
licity sign, and F1, F2, and F3 are three independent in-
variant amplitudes (generalized form factors). The trin-
ucleon spinors are normalized by
〈P, σ|P, σ〉 = 2M. (5)
In the Breit frame components of the electromagnetic
current of the electron jhµ = u¯h(k
′)γµuh(k) [with uh(k)
and uh(k
′) being spinors of the initial and final electrons,
respectively] are the following
jh0 = 2ε cos
θ
2 , j
h
± =
√
2ε(1∓ h sin θ2 ), jh3 = 0. (6)
In general case all generalized form factors F1, F2, and
F3 are complex functions of two independent variables,
e.g. Q2 and ǫ. At the zeroth order in α the form factors
F1 and F2 reduce to the Dirac and Pauli form factors
F1(Q
2) and F2(Q
2), while the form factor F3 vanishes.
At the first order in α all of them are nonvanishing.
Instead of the Dirac and Pauli form factors F1(Q
2) and
F2(Q
2), one usually introduces their linear combinations
(the charge and magnetic form factors, respectively)
GC(Q
2) = Z−1
[
F1(Q
2)− ηF2(Q2)
]
,
GM (Q
2) =
m
µM
[
F1(Q
2) + F2(Q
2)
]
,
(7)
which “diagonalize” the unpolarized cross section
dσ
dΩ
∼ ǫG2C(Q2) + Z−2
(
µM
m
)2
ηG2M (Q
2)
and satisfy GC(0) = GM (0) = 1. In Eq. (7) η =
Q2/(4M2), Z is the trinucleon charge in units of the
elementary charge e, and µ is the trinucleon magnetic
moment in nuclear magnetons, µ(3He) ≈ −2.127 and
µ(3H) ≈ 2.978. Beyond the one-photon exchange we can
also introduce (see later) appropriate linear combination
of the generalized form factors, which diagonalizes the
cross section up to second order perturbative corrections
[10].
In the Breit frame matrix elements of the effective trin-
ucleon current (4) are
Hσ′σ0 =2M
(
F1 − ηF2 + Eε
M2
F3
)
δσ′σ
± cos θ
2
EεQ
M2
F3δσ′,σ±1,
Hσ′σ± =±
√
2Q (F1 + F2) δσ′,σ±1,
Hσ′σ3 =0.
(8)
It is useful to introduce the reduced amplitude Thσ′σ
instead of the usual amplitude Mhσ′σ:
Mhσ′σ = 16πα
Q2
εMThσ′σ. (9)
From Eqs. (3), (6), and (8) we get explicitly the spin
structure of the amplitude
Th =
(
Z cos θ2GC
√
η(f1 − h sin θ2f2)
−√η(f1 + h sin θ2f2) Z cos θ2GC
)
,
(10)
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FIG. 1: The electron and trinucleon momenta in the Breit
frame.
3where
GC = Z−1
(
F1 − ηF2 + εE
M2
F3
)
,
f1 = F1 + F2 + εE
M2
F3 cos2 θ
2
,
f2 = F1 + F2.
(11)
The differential cross section is given by
dσ
dΩ
=
dσMott
dΩ
σ0
ǫ(1 + η)
, (12)
where
σ0 =ǫ|GC(Q2, ǫ)|2
+ Z−2
(
µM
m
)2
η
(
1 + 2 tan2
θ
2
)
|GM (Q2, ǫ)|2
+ Z−2ηǫ2
1− ǫ
1 + ǫ
|G3(Q2, ǫ)|2
(13)
is so called reduced cross section and
dσMott
dΩ
=
(
αZ cos 12θlab
2Elab sin
2 1
2θlab
)2
× 1
1 + (2Elab/M) sin
2 1
2θlab
,
(14)
is the Mott cross section. In Eqs. (13) and (14) Elab and
θlab are the electron energy and scattering angle in the
laboratory frame, GC is given by the first line in Eq. (11),
and
GM = m
µM
(
F1 + F2 + ǫεE
M2
F3
)
,
G3 = εE
4M2
F3.
(15)
Performing the α-expansion of the reduced cross sec-
tion we obtain
σ0 = ǫ|GC(Q2, ǫ)|2
+ Z−2
(
µM
m
)2
η
(
1 + 2 tan2
θ
2
)
|GM (Q2, ǫ)|2
+O(α2)
(16)
where |GC |2 ∼= G2C + 2GCRe∆GE , and |GM |2 ∼= G2M +
2GMRe∆GM with ∆GC and ∆GM being the TPE cor-
rections of order α to the corresponding form factors.
The obtained expression for the cross section is simi-
lar to the Rosenbluth cross section, where GC(Q2, ǫ) and
GM (Q2, ǫ) play role of the charge and magnetic form fac-
tors. Thus later they are called generalized charge and
magnetic form factors (see Ref. [18]).
III. TRINUCLEON WAVE FUNCTION
We use the parametrization [28] of the totally anti-
symmetric trinucleon wave function calculated with the
Paris [29] and cd-Bonn [30] potentials. This parametriza-
tion is restricted to five partial waves,
∣∣[((ℓs)j 12)KL] 12〉 , (17)
where ℓ, j, and s are the orbital, total, and spin angular
momenta for the pair (the 2nd and 3rd nucleons), and
L and K are the relative orbital angular momentum for
the spectator (the 1st nucleon) and the so called channel
spin, respectively. The appropriate quantum numbers of
the partial waves are collected in Table I of Ref. [28].
The standard definition of the Jacobi coordinates for
the three-particle system r and ρ and the corresponding
momenta µ and ν is
r1 = R+
2
3ρ, p1 =
1
3P+ ν,
r2 = R− 13ρ+ 12r, p2 = 13P− 12ν + µ,
r3 = R− 13ρ− 12r, p3 = 13P− 12ν − µ.
(18)
Here R is the coordinate of the trinucleon center of mass
and P is the trinucleon momentum.
Explicitly, the trinucleon wave function is (see
Ref. [31])
4ΨσT3(µ,ν ) =
∑
ξ
{
1
4π
δξσ
∑
τ3,t3
〈
1 12τ3t3
∣∣ 1
2T3
〉
ψ1(µ, ν) |00; 1τ3〉χξt3 +
∑
s3
[
1
4π
〈
1 12s3ξ
∣∣ 1
2σ
〉
ψ2(µ, ν)
−
√
1
4π
∑
L3K3
〈
1 12s3ξ
∣∣ 3
2K3
〉 〈
3
22K3L3
∣∣ 1
2σ
〉
Y2L3(ν̂ )ψ3(µ, ν)
−
√
1
4π
∑
ℓ3M
〈12s3ℓ3|1M〉
〈
1 12Mξ
∣∣ 1
2σ
〉
Y2ℓ3(µ̂ )ψ4(µ, ν) (19)
+
∑
ℓ3ML3K3
〈12s3ℓ3|1M〉
〈
1 12Mξ
∣∣ 3
2K3
〉 〈
3
22K3L3
∣∣ 1
2σ
〉
Y2ℓ3(µ̂ )Y2L3(ν̂ )ψ5(µ, ν)
]
|1s3; 00〉χξT3
}
,
where σ and ξ are the spin projections of the trinucleon and the spectator nucleon, T3, t3, and τ3 are the isospin
projections of the trinucleon, the spectator nucleon, and the pair; M is the projection of the total angular momentum
of the pair; χξt3 and |ss3; ττ3〉 are the spin-isospin wave function of the spectator nucleon and the pair; s3, L3, K3,
and ℓ3 are z projections of appropriate momenta;
〈
j1j2m1m2
∣∣ JJz〉 are the Clebsch-Gordan coefficients.
Later on we will also need the trinucleon wave function in the coordinate space
ΦσT3(r,ρ ) = (rρ)
−1∑
ξ
{
1
4π
δξσ
∑
τ3,t3
〈
1 12τ3t3
∣∣ 1
2T3
〉
φ1(r, ρ) |00; 1τ3〉χξt3 +
∑
s3
[
1
4π
〈
1 12s3ξ
∣∣ 1
2σ
〉
φ2(r, ρ)
+
√
1
4π
∑
L3K3
〈
1 12s3ξ
∣∣ 3
2K3
〉 〈
3
22K3L3
∣∣ 1
2σ
〉
Y2L3(ρ̂ )φ3(r, ρ)
+
√
1
4π
∑
ℓ3M
〈12s3ℓ3|1M〉
〈
1 12Mξ
∣∣ 1
2σ
〉
Y2ℓ3(r̂ )φ4(r, ρ) (20)
+
∑
ℓ3ML3K3
〈12s3ℓ3|1M〉
〈
1 12Mξ
∣∣ 3
2K3
〉 〈
3
22K3L3
∣∣ 1
2σ
〉
Y2ℓ3(r̂ )Y2L3(ρ̂ )φ5(r, ρ)
]
|1s3; 00〉χξT3
}
,
where φn(r, ρ) are partial radial wave functions given by
φn(r, ρ) =
2
π
∫
dµdνµ2ν2jl(µr)jL(νρ)ψn(µ, ν). (21)
Here jℓ(z) are spherical Bessel functions (not to be con-
fused with the components of the electron current jhµ).
IV. CALCULATION OF THE TPE AMPLITUDE
Similarly to the ed scattering [25] we consider only
TPE diagrams where virtual photons interact directly
with the nucleons (in our model we exclude nonnucleon
degrees of freedom, such as mesons, isobars, etc.). There
are two types of such diagrams and the total amplitude
is given by
∆M = ∆MI +∆MII.
The amplitude ∆MI corresponds to the diagram
Fig. 2(a) where both photons interact with the same nu-
cleon. The amplitude of the second type, ∆MII, corre-
sponds to the sum of diagrams Figs. 2(b) and (c) where
the photons interact with different nucleons.
Below we will consider the TPE corrections to the gen-
eralized form factors of 3He. The corrections to the gen-
eralized form factors of 3H are obtained from them by
interchange p↔ n.
A. Diagrams of type I
The amplitude for the electron-nucleon scattering has
a structure similar to (3)
MN2γ =
4πα
Q2
jhµ 〈p ′ξ′ |HµN |p ξ〉 , (22)
where p, p′ and ξ, ξ′ are nucleon momenta and spin
projections in the initial and final states, respectively,
and HµN is the operator of the “effective current” of the
nucleon
HµN =F1Nγµ −F2N [γµ, γν ]
qν
4m
+ F3NKνγν (p+ p
′)µ
M2
.
(23)
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FIG. 2: Diagrams of the type I (a) and the type II (b and c).
F1N , F2N , and F3N are the generalized form factors of
the elastic eN scattering.
Using these formulae we easily get the TPE correction
of the type I to the amplitude:
∆T Ihσ′σ =
3
4kM
jhµ∆HIaσ′σµ,
∆HIσ′σµ =6M
∫
d3µd3νΨ†σ′(µ,ν +
2
3q )
×∆HN1µΨσ(µ,ν ),
(24)
where N1 means the spectator nucleon and ∆HN1µ is the
part of its effective current (23) proportional to α. The
factor of 3 in Eq. (24) is spectroscopical factor squared.
As a result the corrections of the type I to the 3He
generalized form factors are
∆GIE =Z−1
{
(∆GEp + 2∆GEn) I011
(
Q2
)
+3∆GEp
[
I022
(
Q2
)
+ I033
(
Q2
)
+I044
(
Q2
)
+ I055
(
Q2
)]}
,
∆GIE =µ−1
(
∆F I1 +∆F I2 +
ǫkE
M2
F I3
)
,
(25)
where
∆F I1 +∆F I2 =(∆GMp + 2∆GMn) I011
(
Q2
)
−∆GMp
[
I022
(
Q2
)
+ I033
(
Q2
)
+I044
(
Q2
)
+ I055
(
Q2
)
+2
√
2I223
(
Q2
)
+ 2
√
2I245
(
Q2
)
−I255
(
Q2
)− I233 (Q2)] ,
F I3 =
M2
kE
{
(F3p + 2F3n) I011
(
Q2
)
−F3p
[
I022
(
Q2
)
+ I033
(
Q2
)
+I044
(
Q2
)
+ I055
(
Q2
)
+2
√
2I223
(
Q2
)
+ 2
√
2I245
(
Q2
)
−I255
(
Q2
)− I233 (Q2)]} ,
(26)
and
Iℓnm(Q
2) =
∫
drdρ jℓ
(
2
3Qρ
)
φn(r, ρ)φm(r, ρ), (27)
where φn(r, ρ) are partial radial wave functions of the
trinucleon in the coordinate space, see Eq. (21).
B. Diagrams of type II
Let us introduce four dimensional “internal” momenta
in the trinucleon in the initial and final states
ν = 23
[
p1 − 12 (p2 + p3)
]
, ν′ = 23
[
p′1 − 12 (p′2 + p′3)
]
,
µ = 12 (p2 − p3) , µ′ = 12 (p′2 − p′3) ,
(28)
where p1, p2, p3 and p
′
1, p
′
2, p
′
3 are the nucleon four mo-
menta. For the diagrams Fig. 2(b) and (c) p1 = p
′
1 and
ν and ν′ are connected by
ν′ = ν − 13q. (29)
The corresponding amplitude is given by the sum of
the two diagrams ∆MII = ∆MIIb +∆MIIc . Thus
i∆MIIhσ′σ =3i
∫
d4ν
(2π)4
d4µ
(2π)4
d4µ ′
(2π)4
× thµνG(∆1,∆2)
T µνσ′σ
D
≡3i
∫
thµν dT
µν
σ′σ .
(30)
Here the factor of 3 is spectroscopical factor squared,
∆1 = k − l and ∆2 = l− k′ are the four momenta of the
photons (l is the momentum of the intermediate electron)
6and
thµν = (−ie)2
τhµν
l2 + i0
, (31)
G(∆1,∆2) =
−i
∆21 + i0
· −i
∆22 + i0
, (32)
T µνσ′σ = (ie)2 〈P′, σ′| iV †(p1, p′2, p′3)
×i(p/1 +m)i(p/′2 +m)i(p/′3 +m) (33)
×ΓµN2 (∆1) ΓνN3 (∆2) i(p/2 +m)
×i(p/3 +m)iV (p1, p2, p3) |P, σ〉 ,
D = (p21 −m2 + i0)
×(p′22 −m2 + i0)(p22 −m2 + i0) (34)
×(p23 −m2 + i0)(p′23 −m2 + i0),
where
τhµν =u¯h(k
′) [γµl/γν + γν l/γµ]uh(k)
=jhν (k + k
′)µ + jhµ(k + k
′)ν
+ 12 u¯h(k
′) [γµ(−∆/1 +∆/2)γν
+γν(−∆/1 +∆/2)γµ]uh(k)
(35)
and V (p1, p2, p3) and V (p1, p
′
2, p
′
3) are the trinucleon ver-
tex functions, which are connected with the trinucleon
wave function by Eq. (A4);
ΓµNi (∆) = γ
µ
i F1Ni(−∆2)−
∆ν
4m
[γµi , γ
ν
i ]F2Ni(−∆2) (36)
is the electromagnetic current for i-th nucleon
[F1Ni(−∆2) and F2Ni(−∆2) are the Dirac and Pauli
form factors of the nucleon Ni], p/i ≡ pρi γiρ, and γiρ are
the Dirac matrices for the i-th nucleon.
Integrating over dν0dµ0dµ
′
0 one has to take into ac-
count four types of poles shown in Fig. 3 and the ampli-
tude ∆MIIhσ′σ becomes a sum of four respective terms
∆MIIhσ′σ =
16πα
Q2
εM
(
∆T
II (a)
hσ′σ +∆T
II (b)
hσ′σ +∆T
II (c)
hσ′σ +∆T
II (d)
hσ′σ
)
= 3
∫
thµν(dT
(a)µν
σ′σ + dT
(b)µν
σ′σ + dT
(c)µν
σ′σ + dT
(d)µν
σ′σ ).
(37)
What follows is a discussion of the contribution coming
from the poles of the diagram Fig. 3 (a). Other contri-
butions are calculated similarly.
dT
(a)µν
σ′σ →− i
d3νd3µd3µ′
2E12E22E′3(2π)9
× T
(a)µν
σ′σ
(p′2
2 −m2 + i0)(p23 −m2 + i0)
.
(38)
Here T (a)µνσ′σ are given in (33) where three nucleons
marked by a cross in Fig. 3 (a) are on mass shell;
E1 =E
′
1 =
√
m2 +
(
ν − 16q
)2
,
E′2 =
√
m2 +
(
1
2ν
′ − µ′ − 16q
)2
,
E3 =
√
m2 +
(
1
2ν + µ+
1
6q
)2
,
(39)
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FIG. 3: The poles taken into account in the integration over
dµ0dν0dν
′
0.
E′2 and E3 are obtained from energy conservation in the
trinucleon vertexes, and ν ′ = ν − 13q.
Now we can introduce the wave function of the trin-
ucleon, which has two nucleons on the mass shell [see
Eq. (A4)], and dT
(a)µν
σ′σ becomes
dT
(a)µν
σ′σ =
e2M
2m2
d3νd3µd3µ′
(2π)32E12E32E′2
(40)
×
∑
ξ1,ξ3,ξ
′
2
Ψ†σ′(µ
′,ν ′)|p1, ξ1〉|p′2, ξ′2〉〈p′2, ξ′2|ΓνN2ν(p/2 +m)
×(p/′3 +m)ΓµN3 |p3, ξ3〉〈p3, ξ3|〈p1, ξ1|Ψσ(µ,ν),
where |p1, ξ1〉, |p3, ξ3〉 and |p′2, ξ′2〉 are the Dirac spinors
of corresponding nucleons.
The space components of the nucleon momenta are
given by
p1 = p
′
1 ≡ υ = ν − 16q,
p2 = − 14q− 12υ + µ, p′2 = 14q− 12υ + µ′,
p3 = − 14q− 12υ − µ, p′3 = 14q− 12υ − µ′.
(41)
Later on we will assume that
|µ|, |µ′|, |υ| ≪ m. (42)
We will also restrict our calculations to
Q≪ 4m (43)
Keeping only terms linear in µ, µ′, and υ we get
E1 =E
′
1 =
√
m2 + υ2 ≈ m,
E3 ≈m+ Q
2
32m
+
Q(υ3 + 2µ3)
8m
,
E2 =E − E1 − E3 ≈ m+ Q
2
96m
− Q(υ3 + 2µ3)
8m
,
E′2 ≈m+
Q2
32m
− Q(υ3 − 2µ
′
3)
8m
,
E′3 =E − E′1 − E′2 ≈ m+
Q2
96m
+
Q(υ3 − 2µ′3)
8m
.
(44)
7and
∆1 =
(
∆0,
1
2q+ µ− µ′
)
,
∆2 =
(−∆0, 12q− µ+ µ′) ,
∆0 =− Q
2
48m
− Q(µ3 + µ
′
3)
4m
.
(45)
In the nonrelativistic approximation ∆0 = 0.
Note that from Eq. (45) it follows that at Q2 ≪ 32〈µ2〉
∆21∆
2
2 ≈ 116Q2
[
Q2 +O(µ2)]
and the photon propagators can be moved out of the
integral. For the wave functions obtained with both Paris
[29] and CD-Bonn [30] potentials the estimated value of
〈µ2〉 is ∼ 3 × 10−3 GeV2 and we obtain the following
restrictions on the applicability of our model
0.1 GeV2 ≪ Q2 ≪ 16m2. (46)
For rough estimation of the TPE effects we will use
the nonrelativistic approximation for the nucleon elec-
tromagnetic current
〈p′, ξ′, t3|ΓµN (∆) |p, ξ, t3〉 ≈ 2mχ†ξ′
×
 Γ˜
µ
p (∆)χξ, if t3 =
1
2 ,
Γ˜µn (∆)χξ, if t3 = − 12 ,
(47)
where
Γ˜0N (∆) =GEN (−∆2),
Γ˜N (∆) =
1
2m
{
i(σ ×∆)GMN (−∆2)
+ [−υ ± (µ+ µ′)]F2N (−∆2)
}
≈ i
2m
(σ ×∆)GMN (−∆2).
(48)
We will also put ∆1 ≈ ∆2 ≈ 12q in the numerator of the
electron propagator, while the denominator needs more
care and we have to keep here terms proportional to µ
and µ′
l2 =
Q˜2
4
+Q
[
Q
4m
(µ3 + µ
′
3) csc
θ
2
+ (µ1 − µ′1) sin
θ
2
]
,
Q˜2 = Q2
(
1 +
Q
12m
csc
θ
2
)
. (49)
Now the amplitude becomes
∆T
II(a)
hσ′σ =
24πα
εQ2
τhµνS(a)µνσ′σ , (50)
where
S(a)µνσ′σ =
∫
d3νd3µd3µ′Ψ†σ′(µ
′,ν ′)OµνΨσ(µ,ν)
(2π)3(l2 + i0)
, (51)
l2 is determined by Eq. (49) and Oµν =
Γ˜µN2
(
1
2q
)
Γ˜νN3
(
1
2q
)
. Using the integral representa-
tion
1
a+ i0
= −i
∫ ∞
0
dteiat, (52)
and performing the Fourier transform of the wave func-
tions we reduce the 9-dimensional integral (51) to the
following 4-dimensional integral
S(a)µνσ′σ = −i
sin θ2
Q
∫ ∞
0
dte
i
4
tQ(sin θ2+
Q
12m )
×
∫
d3ρe
i
3
q·ρΦ†σ′ (ty
′,ρ)OµνΦσ(ty,ρ)
= − i sin
θ
2
y2Q
∫ ∞
0
dt
t2
e
i
4
tQ(sin θ2+
Q
12m )Mµνσ′σ,
(53)
where
y =
(
cos
θ
2
, 0,
Q
4m
)
= y(sinΘ, 0, cosΘ),
y′ =
(
cos
θ
2
, 0,− Q
4m
)
= y(sinΘ, 0,− cosΘ),
y =
√
cos2
θ
2
+
Q2
16m2
, sinΘ =
cos θ2
y
.
(54)
From similar calculations we get that equations, iden-
tical to Eq. (50), have place for all ∆T
II(i)
hσ′σ (i=a,b,c,d)
T
II(i)
hσ′σ =
24πα
εQ2
τhµνS(i)µνσ′σ (55)
with S(b)µνσ′σ = S(a)µνσ′σ and
S(c)µνσ′σ = S(d)µνσ′σ
= −i sin
θ
2
y2Q
∫ ∞
0
dt
t2
e
i
4
tQ sin θ
2M
µν
σ′σ.
(56)
and thus the total ∆T IIhσ′σ =
24πα
εQ2
τhµνSµνσ′σ, where
Sµνσ′σ = 2
(
S(a)µνσ′σ + S(c)µνσ′σ
)
. (57)
The non-vanishing components of the tensor Mµνσ′σ are
M
00
σ′σ = δσ′σM
00,
M
0±
σ′σ = ±δσ′,σ±1M0+,
M
±∓
σ′σ = δσ′σM
+−.
(58)
From numerical calculations we find that contribution
of the wave function components with l = 2 is less than
10% and in further estimations of the TPE effects we ig-
nore these components. A similar situation takes place
in the ed-scattering where the D wave gives small con-
tribution to the TPE effects [25]. The reason is very
simple: the main contribution in the integral of Eq. (56)
comes from small r, where the components with l = 2
are suppressed by a factor of r2.
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FIG. 4: The ǫ behavior of the ratio Re∆GE(Q
2, ǫ)/
√
σ˜Born
0
at Q2 =5, 10, 20, 30, and 40 fm−2 [(a), (b), (c), (d), and (e),
respectively]. Dashed, dot-dashed, and solid (thin) curves are for MI, MII, and MI +MII, respectively, calculated for the
Paris potential. The solid (bold) curves depictMI +MII, calculated for the CD-Bonn potential.
The quantities M00, M0+, and M+− are given in Ap-
pendix B.
Taking into account explicit expression for the lepton
tensor
τh00 = 8ε
2 cos θ2 , τ
h
−+ = 4ε
2 cos θ2 ,
τh0± = 2
√
2ε2
(
1 + cos2 θ2 ∓ h sin θ2
)
,
(59)
we arrive at the final expression for the correction to the
reduced amplitude
∆T IIh =
192παε
Q2
 cos θ2 (S00 + S+−) −S0+2√2 (1 + cos2 θ2 − h sin θ2 )
−S0+
2
√
2
(1 + cos2 θ2 + h sin
θ
2 ) cos
θ
2 (S00 + S+−)
 , (60)
where S00, S0+, and S+− are defined by equations simi- lar to Eqs. (58)
S00σ′σ = δσ′σS00,
S0±σ′σ = ±δσ′,σ±1S0+,
S±∓σ′σ = δσ′σS+−.
(61)
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FIG. 5: The same as Fig. 4 for the ratio Re∆GM (Q
2, ǫ)/
√
σ˜Born
0
.
Comparing this result with Eq. (10) we get
∆GIIE =
192παε
Q2
Z−1
(S00 + S+−) ,
∆GIIM =
96παεm
µMQ2
√
2η
(1 + ǫ)S0+,
F II3 =
96παM2
EQ2
√
2η
S0+.
(62)
V. NUMERICAL RESULTS AND
CONCLUSIONS
Figures 4, 5, and 6 display the ǫ behavior of the
ratios Re∆GC(Q2, ǫ)/
√
σ˜Born0 , Re∆GM (Q2, ǫ)/
√
σ˜Born0 ,
and ReG3(Q2, ǫ)/
√
σ˜Born0 at fixed Q
2. Here
σ˜Born0 = 0.5G
2
C(Q
2) + η
(
µ(3He)M
m
)2
G2M (Q
2) (63)
is the Born approximation for the reduced cross section
at ǫ = 0.5. Two Q2 values (10 and 20 fm−2) are chosen in
the vicinity of the region where GC and GM change sign.
The form factors GC(Q
2) and GM (Q
2) were estimated
from the parametrization of Ref. [35].
The nucleon TPE amplitudes, which are needed for the
evaluation of theMI amplitude, were calculated with the
TPEcalc program [32] based on the dispersion method of
Ref. [11]. For the magnetic form factors of the proton and
neutron we use usual dipole parametrization; the JLab
parametrization, see Eq. (33) of Ref. [33] and so-called
Galster parametrization [34] are used for the electric form
factors of the proton and neutron, respectively.
The numerical calculations are done with the trinu-
cleon wave functions for the Paris [29] and CD-Bonn [30]
potentials.
In Fig. 7 we show the ǫ dependence of the ratio of the
differential cross section, calculated in the Born+TPE
approximation, to the Born approximation, at fixed Q2.
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FIG. 6: The same as Fig. 4 for the ratio ReF3(Q
2, ǫ)/
√
σ˜Born
0
, where A(Q2) = G2E(Q
2) + Z−2
(
µM
m
)2
ηG2M (Q
2).
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FIG. 7: The ǫ dependence of the ratio of the differential cross section calculated in the Born+TPE approximation to the
Born approximation, at fixed Q2. The 3He wave functions for the Paris (a) and CD-Bonn (b) potentials. The solid, dashed,
short-dashed, dotted and dash-dotted lines are for Q2 = 5, 10, 20, 30, and 40 fm−2, respectively.
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From the results of our numerical calculations we drew
the following conclusions:
• The TPE corrections are a few times more signif-
icant in the scattering of electrons off 3He than in
the electron-nucleon scattering.
• The contribution of the type I diagram to the gen-
eralized electric form factor is minor at all values
of Q2, while in the generalized magnetic form fac-
tor its contribution increases with Q2 and becomes
significant at Q2 & 30 fm−2.
• The F3 form factor is large and it would be inter-
esting to observe it experimentally.
• Similarly to the electron-deuteron scattering [25]
the main source of uncertainty in the estimated
TPE corrections comes from the short-range part
of the trinucleon wave function.
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Appendix A: Connection between wave function and
vertex function
To establish connection between the trinucleon wave
function with two nucleons on mass shell and the vertex
function V (p1, p2, p3) let us consider the electromagnetic
current of the trinucleon in the impulse approximation.
Due to antisymmetry of the trinucleon wave function one
may calculate only the diagram where a virtual photon
interacts with the first nucleon and then multiply the
result by the number of nucleons,
i 〈P′σ′| Jµ |Pσ〉 = 3
∫
d4µd4ν
(2π)8
〈P′σ′|
× iV †(p′1, p2, p3)
i(p/′1 +m)iΓN1µi(p/1 +m)
(p′1
2 −m2 + i0)(p12 −m2 + i0)
× i(p/2 +m)
p22 −m2 + i0 ·
i(p/3 +m)
p23 −m2 + i0
iV (p1, p2, p3) |Pσ〉
= 3i
∫
d3µd3ν
2E22E3(2π)6
〈P′σ′|V †(p′1, p2, p3)
× p/
′
1 +m
p′1
2 −m2 + i0ΓN1µ
p/1 +m
p12 −m2 + i0
× (p/2 +m)(p/3 +m)V (p1, p2, p3) |Pσ〉 .
(A1)
In the nonrelativistic approximation this becomes
〈P′σ′| Jµ |Pσ〉 = 3(2m)2
∫
d3µd3ν
(2π)6
× 〈P′σ′| V
†(p′1, p2, p3)
p′1
2 −m2 + i0Γ˜N1µ
V (p1, p2, p3)
p12 −m2 + i0 |Pσ〉 ,
(A2)
where Γ˜N1µ is determined by Eqs. (48). Equation (A2)
must be compared with
〈P′σ′|Jµ |Pσ〉 = 6M
∫
d3µd3ν
×Ψ†σ′(µ,ν + 23q)Γ˜N1µΨσ(µ,ν),
(A3)
from which we get
Ψσ(µ,ν) =
1
(2π)3
2m√
2M
V (p1, p2, p3)
p12 −m2 + i0 |P, σ〉 . (A4)
Appendix B: Calculation of the matrix element
Mσ′σµν
To calculate this matrix element one needs the follow-
ing matrix elements for the N2 + N3 subsystem of the
trinucleon
〈1s3; 00| Γ˜N20Γ˜dGCQ2N30 |1s3; 00〉 = GEE∑
τ3t3
〈
1 12 τ3t3| 12 12
〉2 〈00; 1τ3| Γ˜N20Γ˜N30 |00; 1τ3〉
= G′EE ,
〈00; 10| Γ˜N20Γ˜N30 |10; 00〉 = 0,
〈10; 00| Γ˜N20Γ˜N3+ |1− 1; 00〉 = 〈11; 00| Γ˜(2)0 Γ˜(3)+ |10; 00〉
=
√
τGEM ,〈
1 120
1
2 | 12 12
〉 〈00; 10| Γ˜N20Γ˜N3+ |1− 1; 00〉
=
√
τ
3G
′
EM ,
〈1s3; 00| Γ˜N2+Γ˜N3− |1s3; 00〉 = −δs30τGMM∑
τ3t3
〈
1 12 τ3t3| 12 12
〉2 〈00; 1τ3| Γ˜N2+Γ˜N3− |00; 1τ3〉
= −τG′MM ,
〈00; 10| Γ˜N2+Γ˜N3− |10; 00〉 = 0,
(B1)
where
12
GEE =GEp
(
1
4Q
2
)
GEn
(
1
4Q
2
)
G′EE =
2
3G
2
Ep
(
1
4Q
2
)
+ 13GEp
(
1
4Q
2
)
GEn
(
1
4Q
2
)
,
GEM =
1
2
[
GEp
(
1
4Q
2
)
GMn
(
1
4Q
2
)
+GEn
(
1
4Q
2
)
GMp
(
1
4Q
2
)]
,
G′EM =
1
2
[
GEp
(
1
4Q
2
)
GMn
(
1
4Q
2
)
−GEn
(
1
4Q
2
)
GMp
(
1
4Q
2
)]
,
GMM =GMp
(
1
4Q
2
)
GMn
(
1
4Q
2
)
,
G′MM =
2
3G
2
Mp
(
1
4Q
2
)
+ 13GMp
(
1
4Q
2
)
GMn
(
1
4Q
2
)
.
(B2)
Finally we get
M00 =
3
4π
∫ ∞
0
dρ
{
G′EEj0φ
2
1
+GEE
[
j0
(
φ22 + φ
2
3
)]}
,
(B3)
M0+ =
√
τ
π
∫ ∞
0
dρ
{
G′EM
(
− j0φ1φ2√
2
− j2φ1φ3
2
)
+GEM
[
j0φ
2
2√
2
− j2φ2φ3
2
− (j0 − j2)φ
2
3
2
√
2
]}
,
(B4)
M+− =
τ
π
∫ ∞
0
dρ
{
−G′MM
3j0φ
2
1
4
+GMM
[
− j0φ
2
2
4
+
j2φ2φ3√
2
− (j0 − j2)φ
2
3
4
]}
,
(B5)
where we use the following notations
τ =
−∆2n
4m2
≈ Q
2
16m2
,
jℓ = jℓ
(
1
3Qρ
)
,
φn = φn(t, ρ).
(B6)
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